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-^ ■ 1 Introduction 

^ . The development in various disciplines of modern physics leads to including some 

deformed and generalized versions of the exponential functions (see |9] and [5]). 
In that direction, we defined two variable deformed exponential function in [8]. 
Here, we will use it to define a class of polynomials, related to Mittag-Leffler 
polynomials. 

Let us remind that Mittag-Leffier polynomials gn{y) are introduced by H. 
Bateman (see [T], [5]) as coefficients in expansion 



{i + x)y{i-x)-y^Y.9n{y)x'' {\A<^)- 



n=0 
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Although they are known for a long time, a few new papers considering them, 
appear recently (see, for example, [3] and [6]). 
They satisfy recurrence relations 

9n{y + 1) - gn-i{y + i) = 9n{y) + 9n-i{y), 

{n + l).g„+i(y) - 2y.g„(y) + {n - l)gn-i{y) = 0, 
both with initial values 

5o(y) = l, gi{y)^2y, 

and orthogonality relation 

/'+°° dy 2 

/ 9n{-iy)9m{w) — r-r ^ -S,nn (n,meN). (1) 

Notice that the corresponding monic sequence 

(nV 
9n{y) = ^ gn{y) (n e No) 

has the exponential generating function 

/2 + x\v "" 



.2-x 



^9n{y)- 



Let /i e R \ {0}. We define generalized integer powers of real numbers |7] 

n — 1 n — 1 

zio,h) ^ ^[m ^ l^ 0("^'') = J|(z-fc/i) , ^["•''1 = [|(z + fc/i) (nGN), 

fe=0 fe=0 

Recall the /i-difference operator [3] 

A../(.) = ^^^^±^|^^4(i.. -/)/(.), (2) 

where / is identical and Eh is shift-operator. This /i-difference operator are 
linear. However, product rules for them are: 

A,j,(/(z).9(z)) - f{z + h)A,j,giz) + A,,^/(z)g(z). (3) 

Its acting on integer generalized powers is given by: 

In [5], it was defined deformed exponential function 

Chix, y) - (1 + hx)y^'' {xeC\ {-l/h}, y e R). 



Function eh{x,y) keeps some of basic properties of exponential function. For 
J/ S M, the following holds: 

eh{x,y)>0 {x < -1/h for /i < or x > -1/h for /i > 0), 
e/i(0,y) = 6/1(2:, 0) = 1. 

If h exchanges the sign, we have 

e-h{x, y) = eh{~x, -y) {x ^ 1/h). (4) 

The additional property is kept only in regard to second variable: 

eh{x,yi)eh{x,y2) ^eh{x,yi +^2)- 

Deformed exponential functions can be represented as expansions: 

00 -. 
eh{x,y) = V^x"y("^") {\hx\<l), (5) 

00 ^ 
e_,(x,2/) = E;^^"y'"'''' (|/i2;l<l). (6) 

n=0 

If we apply /i-difference operators on deformed exponential functions, we get: 

00 ^ 
Ay,heh{x,y) = E- x"n?;("-i^'')=a;e,,(x,2/), (7) 

n=l 

00 ^ 

Ay^hC-hix^y) = E-x"n(y + /i)["-i'"l=xe_,,(a;,y + M. (8) 



n! 

n=l 



An interesting differential property of this function (see [5]) is given as 

((1 + ^^)^] ^h{x, y) = y eh{x, y). (9) 

2 Deformed Mittag— Leffler polynomials 

Generating function of Mittag-Leffler polynomials can be recognized as 
G{x,y) = (1 + .t)^(1 - x)-y = ei(a;,y)e_i(x,2/). 

For h G M\{0} we can define deformed Mittag-Leffler polynomials as coefficients 

in expansion 

00 

Gh{x,y) = eu{x,y)e^h{x,y) ^Y.a^nKy)^'' (10) 



ni ^ — ' m! 

?i— m— 

°° " (m,/i) [n-m,ft,] 

y y ri 

m\(n — m)\ 



With respect to ^ and (jH]), we have 

oo 

»i=0 

oo n 

Hence, 

" ,,{m.h)[n—m,h] i " /„\ 

5i'^Hy) = E ' ,/ V = ^ E r)i-^"V'-''' in e No). 
■^ m\(n — m)\ n\ ^-^ \mj 
m=0 ^ ' m=0 ^ ^ 

According to (|1]), we have 

oo 

Gnix^y) = Gh{-x,~y) = Y, gl^\-y){-ir x^ , 

and, consequently, 

9'^^\-y) = {-ir£\y). 

Also, from Gh{x, y) = G-h{x, y) we get 

Let us derive some recurrence relations for polynomials gn (y)- 

Theorem 2.1 The successive members of sequence {ffn (2/)}neNo satisfy the 
three-term, recurrence relation 

gi"\y)^l, g["\y) - 2y. 

Proof. Firstly, we have 

d f d \ f d 

—Gh{x, y) = ( -Q^(^h{x, y) I e_,,(a;, y) + eh{x, y) ( — e_h(a;, y) 

Multiplying by (1 — hx){l + /ix), with respect to the differential property ([9]) of 
eh{x,y), we obtain: 

= (1 - hx)yeh{x, y)e^h{x, y) + {I + hx)eh{x, y)ye^h{x, y) 
= 2yGh{x,y). 

Using pO]) and comparing the coefficients in the series we obtain the recurrence 
relation. D 



Example 2.1 The first members of the sequence {g„ iy)}neNo are: 

9ll'\y)-l, 9["\y)-2y, gt\y)^2y\ g^^\y) ^ly[2y^ + h% 

9f\y) = \y\y^ + ^h% i\y) = 1^(2^^ + IQh'y^ + 3h% 
Let us remark the useful relation 

— Gh.(a:, y) = -^-JL_Gh{x, y) (11) 

obtained in the proof of Theorem 12.11 
Theorem 2.2 For polynomials gn (y) the following relation is valid: 

gi^Hy + h) gH^Hy) - M5i-\(y + h) + gi^Uy)) (" e n). 

Proof. According to (|3]), (O and (|5]) we have 

Ay^hGh{x,y) = Ay^h{eh{x,y)e-h(x,y)) 

= eh{x, y + h)Ay^he-hix, y) + e^h{x, y)Ay^heh{x, y) 
= x{eh{x, y + h)e^h{x, y + h) + eh{x, y)e-h{x, y)) 
= x{Gh{x,y + h) + Ghix,y)). 

Using PH)) . because of linearity of operator Ay^h the last equation becomes 

oo oo 

5^ Ay,^,gO^\y)x- = x ^(gi'^)(y + h) + gi'Hy))x- 

oo 

= E(5i-i(y + M + .9i'-i(y))^"- 

n=l 

With respect to ([2]), we obtain required relation. D 

Theorem 2.3 The polynomial gn (y) can be represented over hyper geometric 
function as 

gl^\y)^2yh-',F^[^'''^l~y'^\2) (n G N). (12) 

Proof. It follows from the previous theorem by mathematical induction. Namely, 
its equivalent form is summation formula 



g^J:\y)^2yh-^ ^ 



(l- n)fc(l-y//i)fc 2^ 



It is true for n = 1. We will suppose that it is valid for all fc < n and check 
validity of three term recurrence relation. Then 



n , 



t!(fc + l)! 

-(«-i)E(i-y/M.g^n(--i-^-) 



fc=0 ^ ' J = l 



(-1)^ 2^ 
.t!(fc+l). 



Since 



(1 - y//i)fe+i = (1 - vlh)k{-v/h) + (fc + 1)(1 - y//i)fc, 
the coefficient beside (1 — y/h)^ (fc = 0, 1, . . . , n) in the recurrence relation is 

kUk IV. {(n+l)n-{n-k){n-k-l)-k{k+l)-2{k+l){n-k)^ Ylin-j) = 0. D 

Let us show that the polynomials of sequence {gii (y)}neNo are orthogonal. 

Theorem 2.4 For the members of sequence of polynomials {gn {y)}n£No 
the following orthogonality relation is valid: 

till 2/)^"~^ 



Proof. Using representation (|12p and the integral representation of the hyper- 
geometric function, we can write 

gW{y)^2yh^^-'— ,yS. , /.^ / u-y^'^{l~u)y^'^{l~2ur-'du 



Til-y/h)Til + y/h)J, 

or, by changing of variable u — tanh(/ii/2), 

ih), N K^ . Try f°° f , hty^ e*y , 



Hence, 



(h)'- ^ ^'^ • - "" ^ ' A+^. f . , ht\^^ dt 



)(,y)^!^3inh^ Te^^^ftanh^ 
TT h J_^ \ 2 



sinh ht 



,„ /2 . , Try ^// , ft.t\» 1 
j/i^J- sinh-^ J^ tanh- * 



/i \ V 2 / sinh /li / 



where tp{t) i— )■ $(y) — T {(p{t)) denotes the Fourier transform. Applying the 
inverse Fourier transform, we get 

ftanh^^V ^ = — f^T-' (^n\iyl_\ 
1^2/ sinh ht M' \J 2 \ smh{ny/h) ) ' 



I.e., 

.CO/. 



ftanh -Y = J- sinh ht H e"'*^ ^"' ^'^l , dy. (14) 

V 2 / 2i/i" i_^ sinh(7ry//i) '^ ^ ' 

Further, according to (jlip . we recognize 

2 tanh(/it/2) / 1 + tanh(/it/2) \ "'^/'^ 



sinh /it e-**2' 



Because of 



d_ 
dx 

we obtain 



1 - tanh2(/it/2) Vl - tanh(/it/2); 
^tanh^AG,(.,-z,) 

2/ 2 ax 2:=-i- tanh(/it/2) 

m ih\, . . f . ht 



Ghix, -iy) = V -; rgiy^H-iy) 1 tanh 



7n — 1 



sinhM e-*^ = - ^ ™ gW(_,y) (tanh^) 

^ m=l '^ V ^ 

Substituting last equation in (fT4| . we have 

ftanh^r - ^ V ^!^ rtanh^V' T g"'(-^)^-^(-'^) rf, 
V*^''^2J - 2/1-1 ^^ /i—i Iv 2 y y_^ ysinh(7ry//i) ^^^ 

Comparing the coefficients by ta.nh{ht/2), we get required relation. D 
The monic sequence {gh '{y)}neNo is related with {gh {y)}ne-No by 

on 

gH'Hy) - -gL'Hy)- 

They satisfy the three-term recurrence relation 

gi%{y) - y gi'Hy) + h'"^^^ g^J^lM [n e n), 
5^(2/)-!, gf\y)^y, 

and have generating function given by 

oo „ 

Gu{x,y) = en{x/2,y)e^u{x/2,y) = Y^g<^){y)^ . 

,. n! 

n=0 



3 The polynomials associated to Mittag— Leffler 
and deformed Mittag— Leffler polynomials 

Let us consider modified Mittag-Leffler polynomials defined by 

'^"(y) = .»+i „ (" e No)- (15) 

Theorem 3.1 The successive members of sequence {'Pn(j/)}neNo satisfy the 
three-term recurrence relation 

{n + 2)Lpn+i{y) = '2.y^n{y) - n ipn^i{y) {n e N) (16) 

ipo{y) = 2, ifii{y)^2y. 

Proof. The stated relation follows from the recurrence relation ([T]). D 

Theorem 3.2 The generating function of sequence {ipn{y)}ni£fio ^^ given by 



^^^^^^^ exp(2,arctan.)-l ^g.^^^^^^„_ 
xy '-^ 

Proof. Starting from recurrence relation (ITC)) and summarizing, we have: 

oo oo oo 

^(n + 2)v3„+i(y)a;" - 2y ^ V3„(y)a;" + ^ n^„_i(y)x" = 0, 

n— 1 n— 1 n— 1 

oo oo oo 

Y^in + l)^„(2/)x"-i - 2y ^ ¥'n(y)a^" + E^" + l)'/'n(y)a^"+' = «> 

n— 2 n— 1 n— 

-r^/oo \ oo r^/oo \ 

i.e., 

(1 + x')^{xg{x, y)) - 2yxgix, y) - 2 = 0. 

Solving obtained differential equation with initial condition xQ{x,y)\ — 0, 
we get generating function. D 
Notice that 

M-y) = i-^rMy) (nen). (17) 

Theorem 3.3 The polynomials of sequence {^n{'y)}neNo satisfy following or- 
thogonality relation: 

+°° 2/2 

^n{y)Vrn{y)^-n — ^dy^ — --r 5mn (n,meNo). 
.^ smh(TTy) n + 1 



Proof. Using (P) and P3|) . we find 



■7i-\-7n I , _ / ..\ . _ /. A " j„ . 



-oo 



fn{-v)f,n{y) — r-TT — 7 dy = — — - 5mn {n,m e No), 

ysinn TTw) n + 1 



ysinh(7r2/) 

what, with respect to (fT7|) . gives orthogonality relation. D 
The monic sequence 

(n + 1)' 

satisfies three term recurrence relation 

n(n + 1) 
(^„+i(2/) = yifiniy)^-^ — - V>n-iiy) (neE) (18) 

'foiy) = 1, '^i(a;)=J/- 

Theorem 3.4 T/ie exponential generating function of sequence {<^n(2/)}neNo «s 

given by 

. 4exp(2y arctan(a;/2)) ,^ x" 

e(a.,y)- j^^^ = Z^^«(y)^- (19) 

n— 

Proof. In order to find exponential generating function of polynomials (p{y) 

oo 

G{x,y) = ^(^„(y)- 



, a:' 



n 



we will start with recurrence relation (jlSp and summarize 

'^[fn+i{y) ~y(pn{y)^ -^ — Lpn~i{y)j— = 0, 

n— 1 

i.e. 

E ^"(y^T^TTTv - y E ^"(y)^ + i E(" + l)(" + 2) Vn(y)j-—r-^ = 

n=2 ^ '' n=l ' n=0 ^ ^ )■ 

Hence 

— e(a;,y)-ye(a;,y) + -^(x2g(a;,y)) =0. 

This is simple differential equation 

g a;2 +4 

with initial value Q{0,y) — 1. Its solution is the function ((T9| . D 



Example 3.1 The first members of the sequence {ip{y)}neno ^^^ 

(po{y)^l, ipi{y)^y, ip2{y) = y'^ - ^, ipsiy) = y^ - 2y , 

3 23 

My) ^y^- %' + 2' My) = y"^ - lOy^ + yy- 

In the same manner, we can define modified deformed Mittag-Leffler polyno- 
mials by 

^i!'Hy)-%^ ineNo). 

The properties of sequence {ipn {y)}neNo can be derived in the same way as in 
case of {ipn{y)}ne'No- Hence, we give the results without proofs. 
Firstly, the following is valid: 

^i'H-y) = (-1)" ^i"^(y) ineN). 

Theorem 3.5 The successive m,em,bers of sequence {Vn (j/)}neNo satisfy the 
three-term recurrence relation 

{n + 2)^i^l{y) = 2y^i':\y) - h'n ^[^'l.iy) (n £ N) 
^('')(y) = 2, ^i(y)('')=2y. 

Theorem 3.6 The generating function of sequence {(fn (y)}nGNo '^^ given by 
Ghix, y) = — (exp (2 1 arctan/ix) - l) = JI 'fn^v)^"- 

Theorem 3.7 The polynomials of sequence {(/?„ (j/)}neNo satisfy following or- 
thogonality relation: 

+00 ,, 2/?^" 

^W(;/)yW(y) . J ,,. dy^^ <5„„ (n,m e No). 

_oo smh(7r2///i) n + 1 

The monie sequence 

^H-Hy) = ^-^^ ^il-Hy) (neNo) 

satisfies three term recurrence relation 

^Si(y) = y^i^Hy)-^nin+l)^i^\{y) (n e N) 



10 



Theorem 3.8 The exponential generating function of {ifin (2/)}neNo ** 

,00 „ 

g,(x,2;) = (4 + /,,V)-i/'.%xp(2|arctan^) =^^('')(y)^ . 

n=0 

Example 3.2 The first members of the sequence {'fi^'^Hy)} neNo ^-re 

^r^(y) = 2/' - 5y2 + I 4'\y) = y'- Wy' + f y. 

The modified Mittag-Leffier {(finiy)} and deformed Mittag-Leffier polyno- 
mials {(fin (y)} are real polynomials and, because of orthogonality, they have 
all real zeros. 
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